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3ACTOCYBAHHS I'PYIIOBOI KJIACU®IKAIIL OTHOTO KJIACY KBA3SLJITHIMHUX
PIBHAHDB BI/ITHOCHO AJITEBP JII PO3MIPHOCTI HE BUIIIE HI’K TPU
B JOCILIKEHHI TIOBEJAIHKH CITIOXKUBAYIB

Y emammi posensinymo 3a0auy epynoeoi kiacugixayii 00H020 K1ACy KEAZIMIHIIHUX PIBHAHb 2INEPOONIUHO20 MUNy 3 080Md
He3aNeHCHUMU SMIHHUMU GIOHOCHO HEPO3KNAOHUX PO368 A3HUX mpusumipnux anceop JIi. [1o6yooeano noenuii onuc pieHsanb, it-
6aPIAHMHUX BIOHOCHO MAKUX an2edp, ma HasedeHo 8I0N08IOHI peanizayii. [lokazano, wo yi piGHAHHL MONCYMb OYMU 6UKOPU-
cmami 0151 MOOeNI0B8aAnHS NOBCOTHKU CNOJICUBAYTB, 30KpeMd OJi BUAGTEHHS IH8APIAHMHUX XAPAKMEPUCTNUK, Wo 30epiealomb-
€5l npu 3MIHI MAPKEMUH208020 Cepedosuiyd. 3acmocy8anHs cumempiti 003680/18€ CHPOCMUMU MOOENi CRONACUBYOT NOBEIHK,
SMEHWUMU KIMbKICMb 3MIHHUX Ma NIOSUWUMUY THMEPNPemosanicms pe3yibmamis. Y 00CiionceH i 8UKOPUCTIAHO CYYACHI
3ac00uU CUMBOTLHUX 0DUUCTeNb, 30Kpema nakemu Mathematica, wo 003601UN0 ABMOMAMU3YEAMU NPOYEC KIACUDIKAYLT pig-
HAnb. Ompumani pe3yremamu Maroms NPUKIAOHe 3Ha4enHs 015 MapKeMmuHeo08Ux 00CTiONCceHb, 30Kpema npu nodyo0osi npo-
Qinie cnoscusauis, oyiHyi ehekMuHOCMI PeKIAMHUX KAMNAHIT MA BUABTEHHI KIHOUO0BUX (hAKMOPIE 6NIUEY HA KYNIBEIbHY
Nn0BEOIHKY.

Knrouogi cnoea: xeasininitini pieHsanHs 2inepooniuno2o muny, mpusumipti aneeopu JIi, nogedinka cnoxcusadis, aizcopum-
MU Kiacudixayii, cumeonbHi 0OUUCTICHHS.
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This paper presents the group classification of a specific class of second-order quasilinear hyperbolic equations with two
independent variables, focusing on non-decomposable, solvable, three-dimensional Lie algebras. This class of equations
can be seen as a broad generalization of the nonlinear d’Alembert, Liouville, sine-Gordon, and Tzitzeica equations. The
theoretical foundation of this work dates back to Sophus Lie, who pioneered the group analysis of differential equations,
establishing that the principal classifying features of such equations are their symmetry properties. Accordingly, this research
provides a complete description of the equations invariant under such algebras, along with their specific realizations.

The study demonstrates the direct applicability of this mathematical framework to the modeling of consumer behavior.
The central premise is that the group symmetries and invariance found in the equations correspond to the relative stability of
consumer behavior patterns, even amidst a changing marketing environment. By identifying these invariant characteristics,
researchers can uncover fundamental trends that are not immediately apparent. The use of symmetries enables the simplification
of complex consumer behavior models by reducing the number of variables, thereby enhancing their interpretability.

To perform the classification, the study employed modern symbolic computation tools, specifically Mathematica packages,
to automate the process. The findings have practical significance for marketing research, offering applications in consumer
profiling, campaign effectiveness evaluation, and the identification of key factors that influence purchasing behavior.

Keywords: quasilinear equations of hyperbolic type, three-dimensional Lie algebra, consumer behavior, classification
algorithms, symbolic computation.

ITocranoBka npodJjieMu. Y pO3BUTKY COLIATEHO-eKOHOMIYHUX CHCTEM aKTyaJIbHUM € TUTAHHS MOIIYKY CBO-
€PITHUX CTIMKUX MATEPHIB y MOBEJIIHIII EKOHOMIYHHUX CY0’ €KTIB (30KpeMa CIIOYKHBAUiB), 110 3AaTHI 3aHIIATHCS
HE3MIHHUMH TIPH BiTHOCHIN 3MiHI psIy 30BHINIHIX YMOB. TaKUMH YMOBaMH MOXYTh OYTH IIIHOBI KOJUBAHHSI,
BHKOPHCTaHHS PI3HUX KaHAJIIB KOMYyHiKallii a0o0 >k HasBHICTh TPEHJIIB Y crioXKUBaHHI. [lomnpu Te, Mo croxuBayi
SIK eKOHOMIYHI Cy0’€KTH 3JIaTHI 1HJMBIIyaJIbHO POOMTH BJIACHUK BHUOIp Ha KOPHCTH IIHU, MICIS, Yacy KyMiBii
a00 X KaHaTy TUCTPUOYIIT, MOKHA BHOKPEMHTH TaKi TPYIH CIIOKUBAYIB, SKi OJTHAKOBO PearyrTh Ha Ti Y Ti
I[IHOBI, IPOIYKTOBI, KOMYHIKaIliiHi, eMOIIIMHO-IIHHICHI CTUMYJIH (HAPUKJIal, 3HHKKH, TPOOHI 3pa3Ku MPOIYK-
Ty, KOHKYPCH TOIIO). Taki rpymnu Crio’kuBadiB MaTeMaTHIHO MOKHA PO3TIISIIATH SIK IHBapiaHTHI 3aKOHOMIPHOCTI.
B 1pOMy KOHTEKCTi pIBHSHHS 3 HAHBHUIMMY CHMETPIHUME BIACTUBOCTSIMU 34aTHI OIMCYBATH 3MiHH, IO 3aJTU-
IAI0ThCs CTa0lIBHUMU 1] BIUIMBOM IepeTBOpeHb. Anredpu JIi npu poMy Iat0Th 3MOTY 3HAXOAUTH aHAIITUYHI
PO3B’SI3KM TaKUX PiBHSHb.

IIpobaema rpymnoBoi kinacudikamii KBa3iaiHIMHUX PIBHSHb TiNepOOTIYHOrO TUIY € OJHI€I0 13 IIEHTPANIbHUX
3aJa4 TEOPETUKO-TPYIIOBOTO aHAIIZY TU(EPEHIIAIBHUX PIBHSIHD, SIKI MICTATh «IOBUIBHHUN eJIeMEHT (3a3BUuail,
I1e JOBIJbHA (PYHKIiSI OTHOTO a00 KidbKOX apryMeHTiB) [1; 2]. OgHuM 13 BU3HAYHUX KJIACIB PIBHSHb € TU(EpeH-
IiaJbHI PIBHAHHS 3 YACTHHHUMHM HOX1THUMH MOPSAKY 1BA BHIY

un=F(t, X, U, u))uxx-i-G(t, X, U, u\) (D

3okpema, J1o piBHSHB (1) BigHOCATHCS piBHsSHHS JliyBims, [’ anambepa, sin-I"opi0Ha Ta iHIII, SIKi BHKOPUCTO-
BYIOThCSI B PI3HUX MOJICINISAX JIHCHUX (PI3UYHUX MPOIECIB T EKOHOMIYHHX SIBHIIL.

Y HaBezeHil CTaTTI MOCHIHKEHO 3a/1a9y IPynoBoi Kiacudikamii KBa3uTiHIHHAX PIBHSHB IPYTOro TOPSIKY

u,=u_+Ftx uu) 2)
ou ou o'u o’u . . . .
ne u=u(t,x) u,=—, U =—, U, =—, U, =—, I — JJOBiNbHA TTaiKa (YHKIlis HEBIIOMHUX apryMEHTIB,
o0x Ox or ox
F,, #0. i aprymMenTu € miasuaom pisHsHb (1) BiAnoBinHo TpuBuMipHux anreOp Jli, AKi € HEPO3KIAIHUMH 1
PO3B’ I3HUMHU.

3acrocyBanns anrebp JIi s po3B’si3yBaHHS PIBHAHB A€ MOMKJIMBICTh 3HAXOAWTH MPHUXOBaHI 1HBapiaHTH
(HampuKIIaJ, CErMEHTH 3a 3HAUCHHSM B IHHOBAILiAX, €(EKT COLiaNnbHOTO MiATBEPKECHHS], IIHOBA CIACTUUHICTh
TOII0), (OPMYBATH KJIACH E€KBIBAJIEHTHOCTI, 30KpeMa JOCIiKYBaTH PHHKH 13 CXOKUMH MaTepHAMHU MOBEIHKH
CTO’KMBAYiB, TA BAKOPUCTOBYBATH TPYIOBI MEPETBOPEHHS IS CKJIaJaHHS MIPOTHO31B 3MiH CIIOXKHMBYOI ITOBE/IH-
ku. Ile poOUTh MOKIIMBUM CHPOIIEHHS CKIaJHUX 0araTro(akTOPHUX MOJEICH MOBEIIHKM CIIOKHUBAYIB 3aBISKH
TOMY, IIIO TIPOSIBH CTIO’KUBYOT MMOBEIIHKM MOYKHA 3BECTH JI0 JCKUTPKOX 1HBapiaHTHUX CTPYKTYpP, TOOTO CEIMCHTIB
13 cTaOITbHUMHU XapaKTEPUCTHKAMHU.

AHaJi3 ocTaHHiX Jociaizkens Ta myouaikamiii. [IpoGiiema rpynoBoi kinacudikaiii MeBHUX XBHIbOBHX PiB-
HSIHB, SIK1 € OJTHOBUMIPHUMH 1 HEJIIHIHHUMH, PO3TIIAIaeThesl OaratbMa aBTopamu: I'. birymanom ta C. Kymeii [1],
E. ITygui Ta M. K. CanbBaropi [3; 4], B. ®. Eiimcom, E. Amamcom, P. JIxk. Jlonepom [5], A. OpoHom,
®. Posenay [6], M. Toppizi, A. BanenTi [7]. Haykopui C. Cmivak, B. Crorniid, I. Konace B [8] 3Hainum Herme-
PEPBHI MEPETBOPEHHSI KJIACY JIHIMHUX PIBHSHB I[IHOYTBOPCHHS a3iiChKUX OMIIIOHIB, 3IHCHUIN IPYIIOBY KJ1acH-
(hbikairo UX PIBHSAHB, y PE3YJIbTATI SIKOT BUAUTWINA BCl HECKBIBAJCHTHI MiJIKJIACH PIBHSHB, 0 MAalOTh alreOpy
IHBapiaHTHOCTI MIMPIILY, HIXK AP0 OCHOBHUX anreOp iHBapianTHOCTI piBHsIHB. O. JIokasrok B [9] po3B’si3ana 3aa-
4y MOBHOI IPyINOBOi Kiacu(ikamii Kiiacy HOpMalbHUX JIIHIKHUX CUCTEM 3BUYaMHUX Au(depeHLiaTbHUX PIBHIHD
JPYTOTo MOpAIKY 3 IBOMA 3aJIeKHUMH 3MIHHUMU HaJ AiicHUM nosieM. B po6ori [10] C. I'ypaka ta O. JIokasioxk,
BUKOPUCTOBYIOUH KilacMuHy Teopemy JIi mpo peamnizanito anreOp JIi BEeKTOpHUMHU MONSIMHU Ha MPsSIMii, CyTTEBO
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CIPOCTHIIH, TIEPEBIPUIIN 1 MIATBEPAIH JOBEICHHS BIIOMHUX PE3yNbTaTiB Mpo Kiacudikamito kmaciB (1+1) —
BUMIPHUX HEIIIHIHHUX €BOJIIOLIAHUX PIBHAHD BUIIIANY u, = H(u Jma u, + uu_= H(u_ ).

3anava rpynoBoi knacudikaiii XBUJIbOBUX PIBHAHb €KBIBaJICHTHA MUTAHHIO Kiacudikalii peanizauii piBHIHb
B KJaci iH(iHITe3UMaIbHUX ONepaTopiB anredp iHBapiaHTHOCTI 3 TOYHICTIO A0 €KBIBAJIEHTHOCTI, SIKa € TPYIOI0
€KBIBAJICHTHOCTI & IOCTI/IKYBaHOTO PiBHSHHS (2).

Knacudikaniro njsi piBHSHb BUILY

u,=u_—uw'v’_+Au + Dx)uln | u |+ uD(tx), 3)

Oyio mpoBeseHo B [11] i oxeprxano onuc piBHSIHBE BUAY (3), SKi 0ITyCKalOTh TPUBUMIPHI PO3B’SI3HI PO3KIAIHI
anre6pu Ji.

Mera i 3aBaaHHs 10C/TiAKeHHsI. METOI HaBEJICHOT CTATTi € BABYCHHS MOXKJIMBOCTI BUOOPY PIBHSHB 13 KJIacy
I epeHIliaIbHUX PIBHSIHD BUAY (2) 3 HAMBHITUMH CUMETPIHIMY BIIACTUBOCTSAMHU. 3aBIaHHSIMHU JOCITIDKCHHS €
rpynoBa Kiacudikallis piBHIHHS BUIY (2) BIIHOCHO TPUBUMIpHHX aireOp JIi, o € Hepo3KIaJHUMHU 1 pO3B’ I3HU-
MH, Ta 3HAXO/DKEHHSI peatizallii 1ux anreop i GyHKIil F B iHBapiaHTHUX PIBHAHHSIX.

BukJiian ocHoBHOro marepiasy. [TutanHs rpynoBoi kiacudikaiii 0THOTO Kjacy KBa3iTiHIHHUX PIBHSIHbB Bifl-
HOCHO anreOp JIi 3HaXO0SITh CBOE MPAaKTHYHE 3aCTOCYBaHHS B MOJEIIOBAHHI PO3MOBCIOMKCHHS 1H(POPMAIIT Ipo
NPONYKT (HAMPHKIAJ, TOMHUpPEHHs iH(opMarii yepe3 pekiiaMmy, aHali3 MIBUIKOCTI CIIOKHUBYOI peakilii Ha 3MIiHH
B MapKeTUHTOBOMY cepenoBuiii). Kpim nporo, anredpu JIi 1aroTh MOXKIMBICTh 3HAXOAUTH IPYIOBI CUMETPIi B
PIBHSIHHSIX, a 1€, B CBOIO Yepry, BPaXOBY€ MOJIMBICTh BU3HAYEHHS TUIIOBHUX [TATEPHIB CIIOKMBYOI MOBEIIHKH 200
cerMeHTiB cniokuBadis [13; 14].

OckinbKu cuMeTpii € TparchopMaliisiMu, 10 HE 3MIHIOKOTh CYTh CaMOTO SIBUINA, TO B KOHTEKCTi CIIOKHBUYOT
MIOBEIHKH aKTyaJbHOIO CTA€ 1HBAPIAHTHICTDH SIK CUTYallis, KOJIU MOBEIIHKA CI0KHBAYa 3aIHIIAE€THCS BiAHOCHO
HE3MIHHOIO, HE3B)KAIOUM Ha JIEsIKi 3MiHM B MAapKETHHTOBOMY CEpEIOBHIII. B 1IbOMy KOHTEKCTI Ba)XJIMBO BH-
3HAYUTH MEBHI 3aKOHOMIPHOCTI B CIIOKHMBYIN MOBEJIIHII, 1110 JAFOTh MOXKIIUBICTh KIacu(iKyBaTH i CIIPOIIYBaTH
MOJIeTIi TOBEIIHKH CIOKHUBAYIB Yepe3 PEAYKIiI0 3MIHHUX Ha OCHOBI CHMETpIHi.

BinmoBinHO 710 pe3ynbTaTiB, HaBeAeHUX B [11], Ko)KHa oJIHOIIapaMeTpryHa IrpyTa JTBChKOI CUMETpil piBHSH-
Hs (2) MOPOJKYETHCS 1HDIHITE3UMAIIBHUM T€HEPATOPOM BUTY

X=(Bt+B)ot+ (Bx + B)ox + [h(x)u = r(t, x)]0,, 4)
ne p, B, B, — nikcui crani ta Gynkuii 2 = hx, r = r(t, x), F'= F(1, x, u, u ) 3a10BOJIbHSIOTH YMOBI:

d*h dh
Vy — Iy —Wu—ZEux +(h—2ﬂ)F—
—(pt+ B)E, = (Px+ By)F, —(hu+r)F, - (5)

- rr+@u+(h—ﬂ)ux F, =0.
S odx .

[Ipu oMy, rpyIy eKBIBaJCHTHOCTI PiBHSAHHSA (2) GOPMYIOTh MEPETBOPCHHS

{=0t+0, x=eox+0, v=9x)u+n(tx) (6)
ne {0,0,0,c R, 0#0,e==+1,3#0.
Takox icHyI0Th IepeTBOpeHHs (6), K1 3BOJATH oniepaTop (4) 10 OAHOTO i3 TAKMX CEMHU ONEPaTOPiB:

Y, =1(t0, +x0 )1 #0); Y, =0, +18, (> 0);
Y,=0,; Y,=0,; Ys=0,+f(x)ud,(f #0)
Yo = f(uo,(f#0); Y, =f(t,x)0,(f #0).

BinmmiTumo, mo B kiaci onepaTtopis (4) He icHYrOTh pearizaitii aireop so(3) ta sl(2, R).

[TokaskeMo, IO cepell HETIHIMHUX PIBHAHb BUVIALY (2) HE ICHYIOTh Taki aJireOpu iHBapiaHTHOCTI, sIKi € 130-
MOp(hHUMH JIITBCBKUM anreOpaM 3 HeTpuBiabHUM (hakTopom Jlei. Posrisan peamizariit ymmie THX JTiTBCHKUX
anreOp, MO € PO3B’SI3HAMH, HE IPU3BOAUTH IO BTPATH 3aTraIbHOCTI.

3yIHHUMOCH OUTBII TOKIAJHO HA APYromy Kpoli axroputMmy 3rigHo [11]. B Teopii abcTpakTHUX NTBCHKIX
anredp 3 TOYHICTIO J10 130MOp(hi3My PO3PI3HAIOTH CIM HEPO3KIAAHUX PO3B’I3HUX JIIBCHKUX anredp po3MipHOCTI
Tpu Hax R 4, =<e1, e, es> (i=3,4,5,6,7,8,9) [12]. Taki niiBchki anredpu 3aBKau MIicTSATh abeltiB ixean pos-
MipHOCTi ABa. ToMy aiIst omucy peanizaiii JiiBCbKUX anre0p po3MipHOCTI TPU BUKOPUCTOBYIOThCS PE3yIbTATH,
SAKi OyJM OTpMMAaHI MiJ1 Yac rpynoBoi knacudikamii piBHsHb BUy (2) BITHOCHO anreOpu 4, . OCKiIbKH po3uin-
PEHHS BCIX peanizamiii anrebpu 4, 10 peaizaiiii THX JIiBCbKHMX anreOp, sKi MaroTh PO3MIPHICTL TPH i € HEPO3-
KIIQJIHAMU Ta PO3B’I3HUMHU, 31IHCHIOIOTHCS aHAJIOT1YHO, PO3TIITHEMO OUTBIII JIeTaIbHO BUITAIOK peatizarii A;)l
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HeBaxxko mepeKkoHaTHCS, IO TIEPETBOPCHHS
t=0t+0, x=eox+0, v=9x)u+n(tx) @)

ne {0,9,,0,}€ R, 0# 0, ¢ =+1, § #0 3anumarors peanizauii A =, f{x)ud, )(f#0)exsiBanenrnumu. Tomy,
Oe3nocepeIHI 0OUMCIIEHHS TOKa3yI0Th, 10 3 TOYHICTIO J10 Jii nepeTBopeHs (7), BUBUAIOYH MOYKIUBOCTI PO3IIH-
pennsi peanizartii A, ={e,, e,) /o peanizauii anredp 4, ={e,,e,) +e,>, MOKEMO BBaXKATH, 1O ONEPATOP €,
JIOPIBHIOE OJIHOMY 13 OTepaTopiB: A

1) e, =10, +x0, +r(t, x), 0, (r,# 0 abo r=0);

2)e,=0_+1(tx), 0, (r,#0abor=0);

3)e,=r(t,x), 0, (r,#0abor=1).

Hexaii e, = 0, e, = f(x)ud,, a e, NIOPIBHIOE MEPIIOMY i3 HaBEIEHUX BHILE onepatopis. Toxi

le,e]=0 +r0,

le,, e,] =—xf"ud, —1fo,

AHani3 KOMyTgUifHUX CIIiBBiIHOLICHD /s anreOp 4, (i = 3, 4, 5, 6) moKasye, MOXKJIMBICTh PO3MMPEHHS pea-
mizauii anredp 21 10 4, , komar = 0,xf'=—f, A, xomu r=0,xf"'=f,tad, ,xomar=0,xf"=—qf (0<|q|<
1). O1xe, el BUMag0K NPUBOJUTH IO HACTYITHOTO:

3.7

. — _ 1 _ .
A, : e =0, e,=x ud,, e, =t0,+x0,;
A,y : e =0, e, =xud,, e, =t0,+x0_;
. — — -q —
A, : e =0, e, =x|"ud,, e, =t0,+x0, (0<|qg|<l).
V BUNaJIKY, KOJIM OIEPATOp e, CIIBIALaE 3 e,3 4, , T0
|:el’ e3] - rtau’
— ’
[eza e}] - _f uau - ’Tfa.u’ . . .
3 BUBYEHHS KOMR’TaLllf/'IHI/IX CHiBBIZHOIIEHD 1151 anredp A4, (i = 3, 4, ..., 6) BUILIMBAE HEMOKJIUBICTH PO3IIH-
1 Az

penns peanizanii 4,, 10 peanizaniii HaBeneHUX anre6p.

[ToniOuuii pe3ynbTaT OTPUMAEMO i TOJ, KoJu oneparop e, = r(t, x), 0, (r,# 0 abo r = 1).

Hexaii, renep, e, = f(x)ud,, e, = 0,. Slxmo e, = 10, + x0_+ r(t, x)0, (r,# 0 abo r = 0), TO i3 HACTYNHUX CIIBBIJI-
HOIIICHb

le, e,] =—(1f+xf"u) 0,

[ez’ 63] = at + rtau

. . < 10
BUILTMBAE MOMJIMBICTh PO3MIMPEHHS peaizallii 4, y HaBeeHOMY BHIA/Ky JHUIIE 10 anrebpu 4, .:
—~1 )
{(x'uo, 0, t0,+x0),
sIKa 30iraeThest 3 peaizaliero anredpu A, . 3 TOYHICTIO 10 BU3HAYEHUX 0a3MCHUX ONEPaTopiB.
- -~ -~ , =~ . .

}lxmq e, =0, + r(.t, x)0,(r,# 0 abo r=0), 10 [e, e,] =~ (f'u+1f) 0, [e, e]] =7 0, iananis BU3HAYAIILHIX

KOMYyTalifHuX CriBBiaHOmEHb anredp 4,, (i = 3,4, 5, 6,7, 8,9) y nboMy BUNa/IKy TIOKa3ye HEMOKIIMBICTh PO3-
. we 10 . o

IMpeHHs peanizanii 4,, 10 peanizamiii Bka3aHux anreop.

V Bunajxy e, = r(t, x)0,, (v, # 0 abo r = 1) 0f1ep»KMMO aHAJIOTIYHUH PE3yIbTAT.

A 10 . .

Omxe, y BUIazKy peanizarii 4,, MOXIMBE PO3IIMPEHHS B Kiaci onepartopis (4) JIMIIe 10 HACTYITHUX TPhOX

peamizariiii:

L'~4,, L= <6,,x‘1u6 10, +x8x>;

0, +x0.);

u?’

L' ~4,, L =<8I,x u0

u?

L' ~dy;, L'=(0,|x["ud, 5, +x0,) (0<|q|<1).

3acrocyBaHHsl piBHSHHS (5) BUSBUIIO, IO HABECHI peai3allii € MaKCHMaJIbHUMHE ajreOpaMu iHBapiaHTHOCTI
iBHSHG (2), HE eKBIBaJICHTHUMH 10 PiBHAHB (3). Hyxkue HaBeneHo iX CUCOK:
b
1. _ -1 2 -2
L ou,=u_—u u, =2x"uln|u|+
¥ uG(w), @=xu"'u, +1In|ul;
2. _ -1 2 -2
L ou,=u_—u u, +xuG(w),
o=xu"u, ~In|ul;
L :u
o=xu"u +qgn|u| (0<|q|<l),

=u,_—u'u. —q(g+Dx"uln|u|+ux"G(w),

22 xx
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ne G — Oynp-ska (QYHKIIS, 3aJIe)KHA BiJ OTHOTO apryMEHTY.
300paxeHHs pelITH PiBHAHb, IHBapiaHTHUX BiZIHOCHO HEPO3KJIAJHUX TPUBUMIPHUX PO3B’A3HUX JI{BCHKHUX ajl-

reOp OTpUMaHO B aHAJIOTT4YHUH c110CiO.
HaBenemo yacTkoBHii MepesiK THX HENIHIHHUX PiBHSIHb, MAKCUMAIbHUMH ajreOpamMu iHBapiaHTHOCTI AKHX €

TPUBUMIpHI HEPO3KIaHI Po3B’s13HI anreopu JIi, peanizamii nux anredp Ta GyHKIIH F y BiIIOBIAHUX PIBHSHHAX.
3o0kpema,

A, , — 1HBapiaHTHI PiBHSAHHSA
u’

A§4=<8 —tau,8,+k8x+u8u> (k>0):
F=e'G(nw) n=x—kt, o=e'u_

1 1
A, =(|t]?0,,~|t]* 0,,10, +x6x+§u6u>:

F:—%t‘2u+u;lG(§,a)), =i, w=x"ul;

A3, = (ke "ud, .0, —kx ™ In | x| ud, .10, +x0,) (k> 0):

F=-3ktxu—2x"uln |u | —u"'ul +x*uG(w),

u?

o=xu"u +In|u| vk

A, = <e“f‘au,a, + kU, 10, + %0, + (u + 1" )au> (k>0):

F =k x 7 u(t® +x*)+2x7 (ktx™ + Du, +2ke™ 'x"'In | x| +x'e" G(w),

w=e"" (u, + ktx"u).

A,  — IHBapiaHTHI PiBHSAHHSA

A =(nl""0,0,+kd, 10, +x0, +mud,) (k>0, m=1)
F=(k>=1)(m=1)(m=2)n"u+n"">G(w),
o=ln[" [m,—(m=Du], n=x-k;

A2 =(0,,0,,10, +x0.):
F=u’G(u),

A33_5:<6t,6x,t6t+x8x+mu6u> (m#0):

2
1-=
F=ul " G(w), o=u|"ul™;

Al = <8,,6x,16[ +x0, +6u>:
F=e™G(w) w=cu,
A, = <6,,x"u6u,tal +x6x>:

F=—u""u>=2x"uln|u|+x"uG(w),

®=xu"u,+In|u

A = <a, Fh'ud, e 0,10, + X0, + u8u> (k>0):
F =k ufke® —2tx + ke ] + 2ktx 2u_+x"'e" Glw),
w=e*" (u, +ktxu);

AL ={p(1)0,w(1)8,,0, +ud,) (p'y —py'#0)
F=¢'¢"u+u G(t,w),
w=e"u, ¢"y—py"=0.
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[ig gac BuBeneHHs (HOPMYIN IUX IHBAPIaHTHHX PIBHSIHB 3aCTOCOBAHO CYYaCHUU IHCTpyMEHTapii iH(Op-
MaliiHUX TEXHOJIOTi, SK y TEOPETUYHOMY aHali3i, Tak 1 B MPaKTU4HIN peanizauii o0uMciIeHb Ta Bizyasizawii
pe3ynbTariB. 30KpeMa, 3a gonoMororo nakeriB SymmetryReduction, LieAlgebra nporpamHoro 3abe3neyeHHs
Mathematica, o Bxoautb 70 Computer Algebra System (CAS) [15; 16; 17], 3HaiineHo cumeTpii qudepeHiianb-
HUX PiBHSHB 1 aBTOMAaTH30BaHO MpoIiec K1acuQikamii piBHSIHb.

BucHoBku. Takum 4YMHOM, 3HAII€HO TOBHUH OMHKC PiBHSAHB BUMIIALY (2), IHBapiaHTHUX BiTHOCHO HEPO3KIaI-
HHUX PO3B’SI3HUX JIIBCBKUX alredp po3MipHOCTI TpH. 3amporOHOBaHI PO3PAXyHKH MOXYTh OyTH BUKOPHCTaHI B
Ipolieci BU3HauUCHHS Kiacu]ikarlii TUIIB CIIOKMBadYiB Ha OCHOBI IHBapiaHTHOCTI, KOJIM HA MIPOTHBATY KJIACTEPHO-
My aHaji3y 3aCTOCOBYIOThH JIaHi ITPO CUMETPii B CIIOKUBYIM MOBemiHII. Takox 3a gormomororo anredp Jli MoxxHa
3HaXoANTH iHBapianTH JIi, TOOTO HOBI 3MiHHI, III0 OEAHYIOTH CTAPi 3MiHHI 1, TAKUM YHHOM, TIPEICTABUTH MOJEIH
B OuTbII pocTiit popwmi. Lle, y cBOO uepry, yMOKIIHBIIIOE TTOOY/IOBY HE JIUIIIE TOYHHX, ajie i OLIBIT 3p03yMiJTUX
MaTeMaTHIHUX MOZEJCH, 32 JOMOMOTOI0 SIKUX MO)KHA IMOSICHUTH, SIK Ta YU Ta 3MiHHA BIUIMBAE HA KYIIiBEIBHY
MOBEIIHKY. B pe3ynbTati, Taki MOl MarOTh MPHUKJIAIHE 3HAYCHHS B MapKETUHTOBUX JOCIIJDKCHHSX, HATPH-
KJIaJI, pU 10Oy I0BI MPOo(dUTIB CIOKKUBAYIB, OIIHIN ¢(ESKTUBHOCTI KaMITaHii, BU3HaYeHHs ()aKTOpiB BIUIMBY Ha
Pe3yIABTYIOUY 3MIHHY.
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