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Abstract

Let (¢1,m), (€2,7m2), ... be independent identically distributed R?-valued random vec-
tors. Assuming that £; has zero mean and finite variance and imposing three distinct
groups of assumptions on the distribution of 1; we prove three functional limit theo-
rems for the logarithm of convergent discounted perpetuities >, ., ebrtetep—ak,,
as a — 0+. Also, we prove a law of the iterated logarithm which corresponds to one of
the aforementioned functional limit theorems. The present paper continues a line of
research initiated in the paper Iksanov, Nikitin and Samoillenko (2022), which focused
on limit theorems for a different type of convergent discounted perpetuities.
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1 Introduction

Let (£1,71), (&2,72), ... be independent copies of an R?-valued random vector (¢, 7)
with arbitrarily dependent components. Denote by (Si)ren, (as usual, Ng := NU{0}) the
standard random walk with jumps &, defined by Sy :=0and S :=& + ... + & for k € IN.
Whenever a random series E>0 ¢Sk Nk+1 converges almost surely (a.s.), its sum is called
perpetuity because of the following financial application. Assuming temporarily that 7
is a.s. positive, the variables 7, and ef* may be interpreted as the planned payoff of
a private pension fund to a client and the discount factor for year k € INg, respectively.
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Limit theorems for perpetuities

The pension payoffs to a client are made at the beginning of each year. The variable
Y k>0 e *np41 can be thought of as a perpetuity, that is, the present value of a permanent
commitment to make a payoff annually into the future forever. In other words, this is
the initial payment to a fund and, for k € INy, e5*7,,1 is an amount ensuring that a client
gets the planned payoff 741 at the beginning of year k € INy.

It is known (see Lemma 1.7 in [20] or Theorem 2.1 in [11]) that the conditions E¢ €
[~00,0) and Elog™ || < oo ensure that the series 3, e“*n;11 (absolutely) converges
a.s. Recall that log™ # = logx if 2 > 1 and = 0 if # € (0,1). Further detailed information
on perpetuities, accumulated up to 2016, can be found in the books [6] and [12].

1.1 Previously investigated discounted perpetuities

There are several ways to define a discounted convergent perpetuity. One option is

X(b) =Y ¥, be(0,1)
k>0

or equivalently > £>0 e~ 5k/ t77k+1 for t > 0. In the recent article [14] basic limit theorems
for X (b), properly normalized, as b — 1—, were proved, namely, a strong law of large
numbers, a functional central limit theorem and a law of the iterated logarithm. To
be more specific, we state a combination of Theorem 1.2 and one part of Theorem 1.5
in [14] as Proposition 1.1. Denote by C = C(0, c0) the space of continuous functions
defined on (0, c0) equipped with the locally uniform topology. Throughout the paper we
write = to denote weak convergence of probability measures in a function space.

Proposition 1.1. Assume that u = E¢ € (0,00), En = 0 and s? := Varn € (0,00). Then,

asb—1-,
((1 - 62)1/2X(b“)) — (282 )1/ (/ e_“ydB(y)> (1.1)
u>0
[0, 00) u>0
on C, where (B(t)),>o is a standard Brownian motion, and
: o 1—b> 12 _
limsup (liminf), ., (m) X(b) = +(—)(2s2uHY? as. (1.2)

Note that in the cited Theorem 1.2 weak convergence was stated on the Skorokhod
space D(0, o0) of cadlag functions on (0, c0) equipped with the J;-topology. Since the
process on the left-hand side of (1.1) is a.s. continuous in u, the weak convergence
also takes place on C. Corollary 1.5 in [13] is an ultimate version of the functional
central limit theorem for X (b) in the case Var¢ < oo and s? < oo, which particularly
strengthens (1.1). In [13], the condition En € R is allowed, which is a new aspect in
comparison to (1.1).

In both (1.1) and (1.2), the random walk (S} ) only provides a first-order contribution
to the limit which is represented by the strong law of large numbers limy_, o, k1S, = 1
a.s. In other words, the limits remain unchanged when replacing Sj on the left-hand
sides with pk; see Theorem 1.1 in [5] for the corresponding counterpart of (1.2). The
limit relations (1.1) and (1.2) are mainly driven by fluctuations of the random walk
(m + ...+ n,) as n becomes large. More precisely, the main driving forces behind (1.1)
and (1.2) are the Donsker functional limit theorem and the law of the iterated logarithm
for (m + ...+ 1), respectively.

1.2 New type of discounted perpetuities and main results
Our standing assumptions throughout the paper are: 7 is a.s. positive, Elog™ 7 < oo
and
E£=0 and o2 := Varé € (0,00). (1.3)
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We shall investigate

Y(a’) = ZeSk_aknk+17 a> 07
k>0

which is yet another type of discounted convergent perpetuity, and an accompanying
process
Z(a) :=sup (Sy — ak +log k1), a> 0.
k>0

By Theorem 2.1 in [11], the latter series converges a.s., that is, the perpetuity is in-
deed convergent. This implies that limg_,o,(Sx — ak + logngy1) = —oo a.s., whence
|Z(a)| < oo a.s. for each a > 0. Specifically, we shall prove functional limit theorems
for (logY (au))y>o0, properly normalized, as ¢ — 0+ and a law of the iterated loga-
rithm for log Y (a), again properly normalized. Note that limg_04 Y ;¢ eSk—aky, | =
> k50 € Mp1 = +oo a.s. Here, noting that our assumptions entail P{n + e‘c = ¢} < 1
for all ¢ € R, the a.s. divergence is justified by Theorem 2.1 in [11]. Thus, some
normalizations are indeed needed in our limit theorems.

The presence of the logarithm already shows that the limit theorems for X (b) and
Y (a) are of different nature. It will follow from our proofs that the functional limit
theorems for Y (a) are driven by heavy-traffic limit theorems for Z(a) as a — 0+. The
sequence (S; — ak + logNg+1)ken, is a globally perturbed random walk; see [12] for a
survey. The asymptotics of its supremum depend heavily upon the interplay between
the asymptotic growth of (S, — ak)ren, and that of (logn;),en. This fact leads to three
different functional limit theorems stated in Theorems 1.2, 1.4 and 1.7. We note in
passing that the one-dimensional distributional convergence of sup;,~q(Sp—ak) as a — 0+,
properly normalized, is well-understood for the random walks (S;)kG]NU attracted to a
centered stable Lévy process; see [18] and references therein. Also, we mention that the
one-dimensional distributional convergence of sup,,~(log nx+1 —ak), properly normalized,
as a — 0 was investigated in [8]; see, in particular,iTheorem 7 therein.

Similarly, the law of the iterated logarithm for log Y (a) stated in Theorem 1.8 is a
consequence of the law of the iterated logarithm for maxo<x<n (Sk + log nx+1), properly
normalized, as n — oo and a previously known deterministic continuity result recalled in
Proposition 4.1.

With the aforementioned financial interpretation, the variable Y (a) is a perpetuity
with a discount factor for year k being equal to e**~%, It is natural to call —(IE¢ — a) = a
the average rate of exponential wealth growth. Thus, our limit theorems describe the
fluctuations of the perpetuity, when the average rate of exponential wealth growth
approaches 0 while staying positive.

We are ready to formulate our main results.

1.2.1 Weak convergence

According to Lemma 2.2, the processes

(Z(au))u>0 and ( log Y(au)) o

are a.s. continuous. This enables us to formulate functional limit theorems in C'.

We start with simpler situations in which the asymptotic behavior of the discounted
convergent perpetuity is driven by either fluctuations of (S, — ak)rew, (Theorem 1.2) or
(log n;)jen (Theorem 1.4).

Theorem 1.2. Suppose that (1.3) holds and

Jim t*P{logn >t} = 0. (1.4)
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Then
(a Z(au))u>0 = (ilzllg (cB(s) — us))u>0, a — 0+ (1.5)
and
(alog Y(au))u>0 = (ilzlg) (cB(s) — us))u>0, a — 0+ (1.6)

on C, where B is a standard Brownian motion.

Remark 1.3. The limit process in Theorem 1.2 is the Legendre-Fenchel transform of
s = —0B(s) 1|0, x)(s), s € R evaluated at —u < 0. In particular, it is a.s. convex (as a
function of u), hence a.s. continuous. Similarly, the converging process in (1.5) can be
thought of as a discrete version of the Legendre-Fenchel transform. These observations
are implicitly used in the proof of Lemma 2.2 below when showing the a.s. convexity of
the processes involved.

For positive v and p, let NP = Zk (o) j0r )y be a Poisson random measure
k 'k
on [0,00) x (0, 0c] with intensity measure LIEB x p,, ,, where ¢, ,) is Dirac measure at
(t,z) € [0,00) x (0,00], LEB is Lebesgue measure on [0,c0), and y,, , is the measure on
(0, 0] defined by
,u%p((z, oo]) =~z ?, x>0.

Theorem 1.4. Suppose that (1.3) holds and that the function t — P{logn > t} is
regularly varying at co of index —f, f € (1,2]. If 3 = 2, assume additionally that
lim; o t?PP{logn > t} = oco. Let b and c be arbitrary positive functions which satisfy
lim;—, oo tP{logn > b(t)} = 1 and b(c(a)) ~ ac(a) as a — 0+. Then

! . @B (1,8)
(ac(a) Z(au))u>0 = (blép ( uty, v ))u>0, a— 0+ (1.7)
and
= (LB (1,8)
(aC(a) IOgY(au))wo = (S‘,ip (—uty” +55°7)) ysgr @ 0+ (1.8)
onC.

Remark 1.5. One can choose b as an asymptotic inverse of ¢ — 1/P{logn > t}. By
Theorem 1.5.12 in [3], such functions exist and are regularly varying at oo of index 1/4.
In the role of ¢t — ¢(1/t) one can take an asymptotically inverse function of ¢ — ¢/b(t).
Another appeal to Theorem 1.5.12 in [3] enables us to conclude that ¢t — ¢(1/t) is
regularly varying at oo of index 8/(8 — 1). Hence, a — c(a) is regularly varying at 0+ of
index —3/(8 — 1). In particular, if P{logn > t} ~ xt~? as t — oo for some x > 0, then
c(a) ~ kY B=1q=B/(B=1) a5 ¢ — 0+. For later use, we note that

. 2 _
al;r(r)ﬂa cla) = 0. (1.9)

This is obvious when § € (1,2) and follows from
a’c(a) ~ a*c*(a)P{logn > b(c(a))} ~ (ac(a))’*P{logn > ac(a)} — o0, a — 0+

when £ = 2.

As we shall see in Proposition 2.1; see formula (2.3) below, for each u > 0, sup, ( —
utfgl’ Dy j,(cl’ 1)) = +o00 a.s. This explains the fact that Theorem 1.4 is not applicable in
the situations in which Elog™ 1 < oo and t +— P{logn > t} is regularly varying at oo of
index —1.
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Remark 1.6. Observe that, under the assumptions of Theorem 1.2, both (1.5) and (1.6)
remain true when replacing n with 1 and that, under the assumptions of Theorem 1.4,
both (1.7) and (1.8) remain true when replacing ¢ with 0. We think this (obvious)
observation facilitates the understanding of Theorems 1.2 and 1.4.

If in addition to (1.3) the condition
P{logn >t} ~ M2, t— oo, (1.10)

holds for some A > 0, then the contributions of maxo<i<p Si and max;<i<n+1 lognk to
the asymptotic behavior of maxg<<n (Sk +1og nx+1) are comparable. This situation which
is more interesting than the other two is treated in the following result.

Theorem 1.7. Suppose that (1.3) and (1.10) hold. Then

(@Z(@w) = (sup (@BEMY) —ut™® + ) o a— 0+ (1.11)
and
(a log Y(au))u>0 — (sgp (B —ut™® + i) Ly a0+ (1.12)

on C, where B is a standard Brownian motion independent of N*-2)

1.2.2 A law of the iterated logarithm

We shall now turn to the a.s. asymptotic behavior of logY (a). The first part of the
following theorem is a law of the iterated logarithm for log Y (a) which corresponds to
the distributional convergence of Theorem 1.2. The second part is a law of the iterated
logarithm for the closely related random variables log fooo eB(s)=asds, where a > 0 and B
is a standard Brownian motion. These variables and their appearance will be discussed
in details in Section 1.3 below.

Theorem 1.8. (a) Suppose that (1.3) holds and
(log" n)?
5 (ioglonog) Lot 1) < 13

Then
2alogY (a)

li _—
0 5Pa—0+ loglog(1/a)

(b) Let B be a standard Brownian motion. Then

=0 a.s. (1.14)

2alog [;° eBl®)asds
loglog(1/a)

limsup, g, =1 as. (1.15)

For a family of functions or a sequence (z:) denote by C((x:)) the set of its limit
points.

Corollary 1.9. Under the assumptions of Theorem 1.8,

c((w Lac(0.1/0))) = [0.0] as.

loglog(1/a)
and o B
2alog [ eBl®)masds
cae (0,1 )):o,l s.
<( loglog(1/a) a€(0,1/e) [0.1] as
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Remark 1.10. There exist distributions of n which satisfy (1.4) (the assumption of
Theorem 1.2) and do not satisfy (1.13) (the assumption of Theorem 1.8). To exemplify, let
P{logn >t} ~t2(logt)~! as t — oco. It will be explained in Remark 4.3 that, under (1.3),
relation (1.14) fails to hold for the aforementioned distributions of 7.

The log-exponential normalization in the laws of iterated logarithms (1.14) and (1.15)
is not new. It has already appeared in the literature for random walks with infinite
second moments; see [7, 15]. A collection of related results can be found in Section 7.5
of the book [16].

1.3 A connection to the exponential functional of Brownian motion

The variable fooo eB(s)—asqg appearing in (1.15) serves as a continuous-time counter-
part of the discounted convergent perpetuities Y (a). It is known in the literature as an
exponential functional of Brownian motion and has been the object of intensive research
in the recent past; see [22] for a collection of results in a book format.

The advantage of working with fooo eB()=asds, ¢ > 0 is availability of explicit formulae
for their marginal distributions. This makes their analysis easier in comparison to that
of Y(a). The appearance below of the distributions of the suprema of certain Lévy
processes with a drift in the role of limit distributions provides a hint towards what can
be expected in the discrete setting in Theorems 1.2, 1.4 and 1.7.

In what follows, 4 and -% denote equality of distributions and convergence in
distribution, respectively. Let §; . be a random variable having a gamma distribution
with positive parameters b and c, that is,

Cb b—1

xT
P{eb,c € d(E} = F(b) e " I]-(O,oo)(‘r)d‘r7

where I is the Euler gamma function. Note that 0, . is an exponentially distributed
random variable of mean 1/c. A known result (Proposition 3 in [17], Proposition 4.4.4 (b)
in [9], Example 3.3 on p. 309 in [19]) states that, for each a > 0,

o d
/ eB-asqs S 2/6,, 1. (1.16)
0

From this we infer ~
alog/ eB(s)—as g L> 01,2, a— 0+, (1.17)
0

The appearance of an exponential distribution may look mysterious, unless it is inter-
preted via the distributional equality

01,2 4 sup (B(s) — s),
s>0
which follows from Corollary 2 (ii) on p. 190 in [1]. Thus, (1.17) is a continuous-time
counterpart of Theorem 1.2. It also serves an informal explanation of the fact that one
factor of the normalization in Theorem 1.8 is loglog 1/a rather than (loglog 1/a)'/? which
typically arises in the cases when the limit distribution is normal.

More generally, let L := (L(s))s>0 be a centered spectrally negative Lévy process.
Then, by the same Corollary 2 (ii) in [1], sup,>q (L(s) — s) 4 01,,, where 7 > 0 is the
largest solution to the equation e *Ee*’(!) = 1. If L = B a Brownian motion, then the
latter equation is equivalent to s?/2 — s = 0, whence 7 = 2. By the same reasoning, for
each u > 0 and each w € R,

sup (wB(s) — us) 4 01, 20 /w2 (1.18)
s>0
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Assume additionally that L is an a-stable Lévy process, « € (1,2]. Then arguing along
the lines of the proof of Theorem 1.2 one can show that

a®! 10g/ el(9)-asqg 9, sup (L(s) — s) 4 01,-, a—0+.
0 s>0

2 Auxiliary results

2.1 Marginal limit distributions and continuity of the paths

According to (1.18), the marginal limit distributions in Theorem 1.2 are exponential
with means 02/(2u). In Proposition 2.1 we identify the marginal limit distributions in
Theorems 1.4 and 1.7 and justify the claim made in Remark 1.5.

Proposition 2.1. Let z,u,T > 0.
(a) For A >0 and 8 € (1,2],

IP{ sup (—uté/\’ﬂ)—kj,(;\’ﬂ)) < x} = exp(—u N (B-1) "N = (z+uT)PF), (2.1)
kit <T

]P{ sup (— ut,(c)"m + j,(:"ﬁ)) < x} = exp(—u"Y(B — 1) Azt 7F) (2.2)
k

and
IP{sup(futff"l) +j,§“)) SSB} =0. (2.3)
k
In particular, the random variables sup, .5 _p. (—uty"” + i) and sup,, (—uty™? +
P <
J ,(C’\’ g )) are a.s. finite and positive, and the latter has a rescaled Fréchet distribution with
the shape parameter 5 — 1.
(b) For \,o > 0,

IP{ sup (CTB(t;C/\72)) — utfj"z) +j,(€)"2)) < :c}

ke P <
r dt
= Eexp ( —-A 0 (I — O'B(t) n Ut)2) l{supse[O,T] (eB(s)—us)<z} (24)
and
IP{sup (UB(t(’\’Q))fut()"Q)Jrj()"Q)) <a:} :Eexp(f)\/oo di )
k . g T o ((z—0oB(t)+ut))?
—Ee (—)\/OO e )1 (2.5)
= Xp o (.Z‘ — O'B(t) T Ut)2 {sup,>¢ (¢ B(s)—us)<z} - .
n particular, the random variables sup, ,(»,2) oB(t,” —ut, "+ g an
I icul " d bl D r B I(CA 2) ](C,\ 2) .l(c,\ 2) d
supy, (aB(t,(f’z)) - ut,(:"’ 24 j,(;\" 2)) are a.s. finite and positive.
Proof. (a) We shall prove (2.1) and
A1), (D) - r \Me
IP{ sup (futk + i ) §x}f (uT+x> , x>0. (2.6)

kit P <
Sending T — oo yields (2.2) and (2.3).
The probabilities on the left-hand sides of (2.1) and (2.6) are equal to
P{NXA ((t,y) : t <T,~ut +y > ) =0}
= exp ( — EN(A’ﬁ)((t,y) t<T,—ut+y > ac))
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for 8 € (1,2] and B8 = 1, respectively, because N A ((t,y) : ¢t < T,—ut +y > ) is a
Poisson distributed random variable. Since

EN®A((t,y) 1t <T,—ut +y > )

T T
~ [ ] s matdnde = [+ o) Par
0 [0, c0) 0
JuTt B =17 = (- uD)P), if B e (1,2],
u I A(log(uT + x) — log x), if =1,

(2.1) and (2.6) follow. Letting in (2.1) and (2.2) x — 0+ justifies the claims about the a.s.
positivity.
(b) Conditioning on B and arguing as in the proof of part (a) we arrive at

T
dt
P sup UB(t()"Q))futO‘ﬂ)+j()"2) <z;=LEexp —)\/ .
{k:tfj*QkT( ’ * ) } ( 0 ((x—aB(t)+ut)+)2>

In the case u = 0 this formula can also be found in Proposition 1 of [21], along with an
equivalent representation of the right-hand side. Formula (2.4) is its analogue in the
case u > 0.

By the strong law of large numbers for a Brownian motion, the integrand in (2.4)
behaves as (ut)~? as t — co. Hence, it is integrable on [0, ). Sending in (2.4) T — oo
and invoking the Lebesgue dominated convergence theorem prove (2.5). In view of (1.18),
the random variable sup,~, (¢ B(s) — us) is a.s. positive. Hence, letting in the second
part of (2.5)  — 0+ and appealing once again to the Lebesgue dominated convergence

theorem we conclude that the variable sup,, (aB(t;A’ 2)) - ut,(f’\’ 2 j,(v’\’ 2)) is a.s. positive.

The a.s. positivity of sup, ,o.2 (aB(t,(c’\’Q)) —ut™? 4 O 2)) follows analogously.  [J
0D <

The next lemma justifies the usage of space C in our distributional limit theorems.

Lemma 2.2. The processes (Z(au)), . (log Y(au)) and the limit processes in The-
u u>0
orems 1.2, 1.4 and 1.7 are a.s. convex, hence a.s. continuous.

Proof. Recall that, according to the discussion at the beginning of Section 1.2, the first
two processes (the converging processes in our distributional limit theorems) are a.s.
finite for each v > 0. The a.s. finiteness of the limit processes, for each u > 0, follows
from (1.18), (2.2) and (2.5), respectively.

Further, write, for any A1, Ao > 0 satisfying A\; + A2 = 1 and any uq, us > 0,

sup (Sk — a(Au1 + Aoug)k + log ngr1)
k>0

= Zlip (M (Sk — aurk + logner1) + A2(Sk — augk +logngt1))
>0
< sup (A1 (Sk — aurk +log k1)) + sup (A2(Sk — auzk +log ne41))
£>0 k>0

= A1 sup (Sk — aurk + logngr1) + Ao sup (Sk — ausk + log nk11)
k>0 k>0
having utilized subadditivity of the supremum for the inequality. This proves the claim
for the first process. The proofs for the limit processes are analogous.

For each a > 0, the function u +— Y (au) = 3, ., e5*~%*p, ., is the Laplace-Stieltjes
transform of an infinite random measure /i, defined by i, ({ak}) := eS<nyy ;1 for k € N.
It is a standard fact, which is secured by Holder’s inequality, that any Laplace-Stieltjes
transform f, say, is log-convex, that is, log f is convex. O
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We close this section with another auxiliary result.

Lemma 2.3. Let 8 € (1,2] and A > 0. With probability one, for each u > 0,

lim sup (6B(s) — us) = —oo, (2.7)
T—o0 s>T
lim sup ( — utg’ﬁ) +j,(€1’ﬁ)) = —00
T=o0 ket A >
and
lim sup (UB(t,(f"Q)) - ut,(cA’Q) +j](j’2)) = —o0. (2.8)
=00 25
D>

Proof. Relation (2.7) follows from

lim sup (0 B(s) — us) =limsupy_, o (6B(T) —uT) = —oc0 a.s.,
T—o0 s>T

where the last equality is ensured by the strong law of large numbers for a Brownian
motion.
Arguing as in the proof of Proposition 2.1 we conclude that

0 for x < —uT
el o ot sl e, ST
e exp (— (u(B—1)) " (uT +2)'7F), forz > —ul.

Letting T — oo we infer limy_, sup, 0.5, (— ut,(cl’ﬁ) + j,(;’ﬁ)) = —oco in probability
LA

and, by monotonicity, a.s.
Using subadditivity of the supremum yields

sup (JB(tg"Q))fut,(j"Q)+j,(;\’2)) < sup (cB(s)—us/2)+ sup (—uté’\’2)/2+j,(€/\’2)).
kit P >T 52T kit P >T

According to formula (2.2) with 3 = 2, sup, (— ut,(c’\’2)/2 + j,(?’ 2)) is a.s. finite, whence

lim sup ( — ut](;\’Q)/2 +j,(€>"2)) < oo a.s.
T=e0 25

This in combination with (2.7) proves (2.8). O

2.2 Technical results

Denote by D the Skorokhod space of cadlag functions defined on [0, c0). We assume
that the space D is endowed with the J;-topology

Lemma 2.4. Forn € Ny, let f,, € D and lim,, o, fn = fo on D. Assume that

My :=sup fo(t) < o0

t>0
and
lim sup lim sup f, (t) < Mp. (2.9)
t—o0 T—00
Then
lim sup f,,(t) = Mp.
n—oo t>0
EJP 28 (2023), paper 15. https://www.imstat.org/ejp
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Proof. By (2.9), given sufficiently small ¢ > 0, there exist T'(¢) > 0 and ng(e) € IN such
that

falt) S My—e, t>T(e), n>mnole).

By the definition of supremum, there exists ¢o(¢) > 0 such that
My —€/2 < folto(e)) < Mp.

In view of the assumption lim,_,~ f, = fo, there exists a sequence (¢,(¢))nen such that

lim 2, (¢) =to(e) and  lim fu(tn(e)) = fo(to(e))-

n—roo

Thus, there exists n; () € IN such that, for n > ny(e),
to(e) <tole)+e and fn(tn(e)) > folto(e)) —€/2 > My —e.

Put a(e) := max(T'(¢),to(¢) + ¢). Combining the fragments together we conclude that, for
n > max(ng(e),n1(€)),

sup fn (t) = sup fn (t)
t>0 te0, a(e)]

and thereupon

lim sup f,,(t) = lim sup f,(t)= sup fo(t) € [Mo—e, Myl
n—=00 4> N0 ¢e(0, ale)] €0, a(e)]

Sending € — 0+ completes the proof. O

Remark 2.5. If f; is continuous, then (2.9) boils down to

limsup fo(t) < Mo. (2.10)

t—o0

Corollary 2.6. Under the assumption of Lemma 2.4, for each T > 0,

lim sup f,(t) = sup fo(¢).
n—oo ¢>7 t>T

Proof. Apply Lemma 2.4 to the sequence (f,,(T + *))nen,- O

We shall need Theorem 1.3.17 in [12] which we state as Proposition 2.7 and a slight
extension of Lemma 1.3.18 in [12] which we state as Lemma 2.8. Let C[0,00) be the
set of continuous functions defined on [0, c0) equipped with the locally uniform topology.
Denote by M, the set of point measures v on [0, 00) x (0, co] which satisfy

v([0,7] x [§,00]) < o0

forallr > 0 and all 6 > 0. The set M, is endowed with the topology of vague convergence.
Define the mapping F from D x M, to D by

supy. g, <¢ (f(Or) +yx), if O <t for some £,
£(0), otherwise,

F(fv)(t) = {

where v =), €9, yu)-
Proposition 2.7. For j € IN, let f; € D and v; € M,,. Assume that f, € C[0,c0) and

e 15({0} x (0,400]) =0,
e vo((r1,m2) X (0,00]) > 1 for all positive 1 and ro such that ry < rq,

EJP 28 (2023), paper 15. https://www.imstat.org/ejp
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C Uy =Dy 6(9;&())‘?/;(00)) does not have clustered jumps, that is, 0,&0) # 0;0) fork # j.

Iflim; o fj = fo in the Jy-topology on D and lim;_, v; = vy on M, then

lim F(fj,v;) = F(fo,v0)

j—o0
in the Ji-topology on D.

Lemma 2.8. Let T > 0, v, p > 0. With probability one the random measure Ng”p) =
Zk ]l{t;:,p)ZT} 5(t§j"’)—T,j,§*”>) satisfies all the assumptions imposed on vy in Proposi-

tion 2.7. Here, (t{""), j0"*)) are the atoms of a Poisson random measure N(-?) defined
in the paragraph preceding Theorem 1.4.

Proof. The case T = 0 is covered by Lemma 1.3.18 in [12]. If T > 0, then N\"'*) is
just a deterministic shift of N(:#), Since the latter does not have atoms on any fixed
deterministic vertical line with probability one, the claim follows. O

Hereafter, we write L4y and 25 to denote weak convergence of finite-dimensional
distributions and convergence in probability, respectively.

Proposition 2.9. Under the assumptions of Theorem 1.2, for any T > 0,

(a  sup (Sk—auk—i—logn;@H))ue]R Ldg ( sup (UB(S)—us))ueR, a— 0+, (2.11)
0<k<|Ta—2] s€l0, T

where (B(s))s>o is a standard Brownian motion, and, for any T > 0,

(@ sup (Sk — auk +10gMK11))us0 Ldy (sup (¢B(s) — us))us0, @ —>0+. (2.12)
k>|Ta=2] s>T

Proof. We shall write ( for logn and (i for logng, & € IN.
By Donsker’s theorem,

(aSLTa*ﬂ )TZO = (O’B(’T))TZO7 a —r O+,

on D. Fix any T > 0. Since, for all ¢ > 0,

—2
P = 1 — (P{¢ < eqt)Te I+t
{algksrflTa}z}iﬂH G > ¢} (PAC < ea”™})

IN

(|Ta™ 2] + DP{¢{ >ea"} =0
as a — 0+ in view of (1.4), we infer

a CkLO, a — 0+,

max
1<k<|Ta=2]+1

which implies
(al|ra-2)+1)T>0 = (E(T))r>0, @ — 0+

on D where E(t) = 0 for t > 0. Hence,
(a(S\1a-2) + (| 7a-2)41))7>0 = (0B(T))1>0, a— 0+

by Slutsky’s lemma and thereupon, for any n € IN and any —oco < u; < ... < u, < 00,

(CL(SLTa—zJ — auq LTaiQJ + CLTa—zJJrl), ceey a(SLTa—zJ — auy, LTaiQJ + CLTa—QJJrl))TZO
= (6B(T) —wT,...,0B(T) — unT)TZOa a— 04+ (2.13)

EJP 28 (2023), paper 15. https://www.imstat.org/ejp
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in the J;-topology on D". The supremum functional is continuous in the J;-topology.
This in combination with the continuous mapping theorem proves (2.11).

By the Skorokhod representation theorem, there exist versions of the processes
in (2.13), for which (2.13) holds a.s., with a replaced by (ax)ren an arbitrary convergent
to 0 sequence of positive numbers. Each coordinate of the version of the limit is a.s.
continuous and, for each u > 0, lims_,o (0 B(s) — us) = —oo a.s. by the strong law of
large numbers for a Brownian motion. The latter ensures that the a.s. counterpart
of (2.10) holds for each coordinate of the version of the limit. Applying Corollary 2.6 and
Remark 2.5 separately to each coordinate of the versions and passing from the versions
to the original processes we arrive at (2.12). O

Proposition 2.10. Under the assumptions of Theorem 1.4, for any T > 0,

f-d, (1,8) 4 (1,8
su Sk —auk+lo ) — su —ut + . a— 0+
(ac(a) kswfm)]( k gni+1)) o (k:tg’/gg( S P ) I
(2.14)
and, forany T > 0,
! f.d, (1.B), ;(1.8)
—— sup (Sk—auk+logng ) - sup  (—uty 440 . a0+
<ac(a) k>|Tc(a)] ( BMh+1) u>0 (k: tf’sz( k Ik ))u>0
(2.15)

Under the assumptions of Theorem 1.7, as a — 0+, forany T > 0,

£.d, . (A,
(a sup (S — auk + log nk+1))u>0 == ( sup ((TB(t](;\72)) — utfj‘?) +j,i)"2)))u>0
k<[Ta=2] kot 2>

(2.16)
and, foranyT > 0,

(@ sup (Sk —auk +1ogmki1)),<, L4, ( sup (UB(t,(CA’Z)) — ut,(c’\"Q) +j,g)"2)))u>o.
kE>|Ta—2| ke P >T

(2.17)

Proof. In the setting of Theorem 1.4 put c(a) := a2 for a > 0.
Fix v > 0 and T' > 0. Under the assumptions of Theorem 1.7, there is a joint
convergence

((5 L(t+D)e(a)]

(a u(t+ T)> +50° ];) Lk 1Te(@)} € e fegay -, Ck+1/\/c(a))>

e ((O’B(t+T)7u(t+T))t20,Zl{t;,\,sz}€(tgc,\,2)_T7j)(C,\,2))), a— 0+ (2.18)
k

in the space D x M, endowed with the product topology; see the bottom of p. 27 in [12].
Moreover, the components on the right-hand side are independent. Fix now any n € IN
and any 0 < w1 < ug < ... < u, < co. Then (2.18) immediately extends to

S| (t+1)e(a)]
((( a) uilt + T))t20> 1<i<n’ ;0 Lk 1Te(@))} & 1 peay-, <k+1/\/c<a>>)
— (((UB(t +7T) —u;(t+ T))tZO)lgign, Xk: l{tﬁ’Q)zT} E(t?’”—T,jﬁ’ 2))>, a— 0+

(2.19)

EJP 28 (2023), paper 15. https://www.imstat.org/ejp
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in the space D" x M, endowed with the product topology, because the components
indexed by ¢ only differ by a deterministic term. Similarly, under the assumptions of
Theorem 1.4,

S cla
(((% —ua(t+ T>)t20) 1<i<n’ I;) Lik>(Te(@) ]} Ek/e()-1, C’““/“C(“)))

== (((—Ui(t+T))t20)1§i§n,zﬂ{tzl,a)ZT}8(%1,5)71].](‘_1,5))), a— 0+ (2.20)
%

in the space D" x M,, endowed with the product topology, where the convergence of the
normalized random walk to the zero process = follows from (1.9) which ensures that
ac(a)/+/c(a) = ay/c(a) — oo as a — 0+.

Fix any 77 > T and let (a;)jenw be any sequence of positive numbers satisfying
lim; ;o a; = 0. By the Skorokhod representation theorem there are versions of the
processes, for which (2.19) and (2.20) hold a.s. Retaining the original notation for these
versions we intend to apply Proposition 2.7 n times with

S| (t+T)e(ay))
[i(t) = === —u(t+ 1), v;:= Z Lk 1T ea;)1} € (kje(ay)—T, corr /n/olap)

C(aj) k>0
f()(t) = O'B(t + T) - Uz(t +T),

Vo = Z Ly ooy o g joomy, JEN, 120, 4=1,...,n
k
and n times with

S|t+1)e(ay)]
L= =ty D, v D Lk 7))} Ek/e(ay) =T, Gurr faselay)
k>0

fo(t) == —wi(t+T), vo:= ; l{t;(cl’ﬁ)ZT} €(t§€1.5)7T’jl(c1./3)), JEN, t>0,¢1=1,...,n.

The so defined converging and limit processes satisfy the assumptions of Proposition 2.7
with probability one. In particular, a.s. continuity of the limit functions fj is obvious,
whereas Lemma 2.8 justifies the claim for the random measures v,. A specialization of
Proposition 2.7 to the one-dimensional (rather than functional) convergence in conjunc-
tion with (2.19) and (2.20) yields

(a Sup (Sk — auk + Ck+1))
|Te(a)| << Tie(a)) u>0

LI ( sup (UB(t;(:\’Q)) - Ut?ﬂ) "‘]}972))) »oa— 0+ (2.21)
B T<tM P <my 0

and

1
sup Sk — auk + (41 )
(ac(a) | Tc(a)] <k<|Tic(a)) ( * ) u>0
(0 sup (a0 L a0+, (2.22)
k: T<t(" P <y

respectively. Putting in (2.21) and (2.22) T' = 0 and then replacing 77 with 7" we
obtain (2.16) and (2.14).

EJP 28 (2023), paper 15. https://www.imstat.org/ejp
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The right-hand sides of (2.21) and (2.22) converge a.s. as 177 — oo to the right-
hand sides of (2.17) and (2.15), respectively. According to Theorem 4.2 on p. 25 in [2],
both (2.15) and (2.17) follow if we can show that, for all € > 0,

lim limsup IP{ sup Sk — auk + (g
Ti1—00 g0+ ; ( [Tc(a)] <k ( +1)

_ sup (S;.C —auk+(k+1))2 >5} =0.
[Te(a) | <k<|Tic(a))

Plainly, it is sufficient to check that, for each fixed u > 0,

lim limsup IP{ sup (Sk —auk + Ck+1) # sup (Sk — auk + Ck+1)} =0.
T1—00 g0+ [Te(a)] <k<|Tic(a)] [Te(a)] <k

Note that, for 77 > 27T and z € R,

]P{ sup (S;€ — auk + Ck+1) # sup (Sk —auk + Ck+1)}
[Te(a)] <k<L|Tic(a)] | Tc(a)] <k
1 1
= { sup (S;c — auk + Ck+1) < sup (S;€ — auk + Ck+1)}
ac(a) [Te(a) | <k<|Tic(a)] ac(a) k>|Tic(a)]
1 1
<P sup S —auk + ¢ < —— sup Sk — auk + ¢
{ac(a) | Te(a)] <k<|2Tc(a)] ( g kH) ac(a) k> |Tye(a)) ( g ’““)}
1
<P sup Sk — auk + <z
{ac(a) |Te(a) | <k<|2Tc(a)) (5 1) }
1
P{—— sup Sk — auk + ¢ > zp.
{ac(a) k> |Tic(a)) (S 1) }

According to (2.21) and (2.22), the random variables (ac(a)) ™" SUP | 7c(a) | <k<|27c(a) (Sk—
auk + cjk+1) converge in distribution as a — 0+ to an a.s. finite random variable pr, say
(the a.s. finiteness follows from Proposition 2.1). As a consequence, the first probability
on the right-hand side tends to 0 as a — 0+ and then z —+ —oo along the sequence of
continuity points of the distribution function of pr. Thus, it is enough to prove that, for
each fixed z € R,

lim limsupIP{i sup Sk — auk + (i > z} =0.
Ti—=00 q—0+ ac(@) k>|Tyc(a)) ( +)

The latter probability does not exceed

P{ sup (Sk—auk/2)>ac(a)}+P{ sup (Cut1—auk/2) > (z—1)ac(a)}. (2.23)
k>[T1ic(a)] k>[Tic(a)]

In the setting of Theorem 1.7,

lim lim sup]P{ sup  (Sk —auk/2) > ac(a)} =0.
Ti—o0 g0+ k>|Tic(a)]

by (2.12) and (2.7), whereas in the setting of Theorem 1.4 this follows from (2.12)
and (1.9). Indeed, for small enough a > 0, (1.9) entails c¢(a) > a~2, whence

P{ sup (Sk—auk/2)>ac(a)} <P{a sup (Sy—auk/2)>da’c(a)}.
k>|Tic(a)] k>|Tia—2]

In view of (2.12), the right-hand side converges to 0 as a — 0+.

EJP 28 (2023), paper 15. https://www.imstat.org/ejp
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As far as the second summand in (2.23) is concerned we argue as follows. For large
T > max(2(1 — z),0) and small a > 0,

P{ sup (Cu+1 —auk/2) > (z —1)ac(a)}
k>|Tic(a)]

< Z P {Ck+1 > auk/2 4 (z — 1)ac(a) — a/2}

k> Tre(a))
< / P{¢ > auz/2+ (z — 1)ac(a) — a/2}dx
[Tic(a)]
2 oo

= — P{¢ > z}dx
U J(a/2)(|Tre(a) jut2(z—1)c(a)~1)

o Ll Tt 2(s — 1)ac(@P{C > (Thu+2(= — 1))ac(a) /2)

ua B —1
N ﬁﬁm“ +2(z — 1)ac(a)P{¢ > (Tyu + 2(z — 1))b(c(a))/2}
w22 e 1) e, a
aup -1t 2 ) Tacla)ggy, a0

We have used Proposition 1.5.10 in [3] for the first asymptotic equivalence. Since
B > 1, the right-hand side converges to zero as 77 — oco. This completes the proof of
Proposition 2.10. O

3 Proofs of Theorems 1.2, 1.4 and 1.7

We shall prove all the results simultaneously. To this end, for a, T, u > 0, put

m(a) :=a, c(a) :=a"?, X1(u,T):= sup (0B(s)—us), Xi(u,o0) :=sup (cB(s) — us)
s€[0,T] 5>0

and
X7 (u,T) := sup (6B(s) — us)
s>T

under the assumptions of Theorem 1.2;

m(a) := (ac(a))™!, ¢(a) is as defined in Theorem 1.4,

Xo(u,T):== sup (- ut,(:’ﬁ) +j](617/5))7 Xo(u,00) :=sup (— utl(clyﬁ) +j1(cl’ﬁ))
ket <T &
and X;(u,T):= sup (- utl(cl,ﬁ) +jl(€1,ﬁ))
ket A>T

under the assumptions of Theorem 1.4; and

m(a) == a, c(a) :== a2, X3(u,T):= sup (aB(tﬁC)"Q)) — ut,(;\’2) + j,(c/\’2)),

kit <T

Xs(u,00) 1= sup (0B —ut + i)
and X;(u,T):= sup (oB(?) —uttM? +502)
kit >T

under the assumptions of Theorem 1.7.
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Since the converging processes
(m(a)Z(au))u>0 and (m(a)logY (au))uso

are a.s. nonincreasing and, by Lemma 2.2, the limit processes (X;(u,0))y>0, { =1,2,3
are a.s. continuous, weak convergence of probability measures in C is equivalent to
weak convergence of the corresponding finite-dimensional distributions. This follows
from Skorokhod’s representation theorem in combination with Dini’s theorem.

Thus, limit relations (1.5), (1.7) and (1.11), dealing with the convergence of suprema,
are ensured by (2.12), (2.15) and (2.17) all with 7' = 0, respectively, and the last remark.
As far as the perpetuities are concerned, we have to show that

<m(a) log Y(au))

As a preparation, we prove that, for any 7' > 0,

0 B (Xi(u,00))u>0, a— 04, 1=1,2,3. (3.1)
u>

[ Tc(a)]
<m(a) log 3 esk*a“’“nkﬂ) M (X, T))uso, a— 0+, 1=1,2,3. (3.2)
u>0
k=0
Fix any n € N, any v1,...,7, € R and any 0 < uy,us,...,u, < co. Assume, without
loss of generality, that v1,...,7n, > 0 and v,+1,...,7n < 0 for some ng € Ny, np < n. In

particular, the situation is allowed in which all ; are of the same sign (in which case
ng = 0 or ng = n). In view of the Cramér-Wold device, relation (3.2) is equivalent to the
following: for any T' > 0, as a — 0+,

[Te(a)]
Z%bg Z oSk at nk+1—>Z%Xl uj, T), 1=1,2,3. (3.3)

To prove (3.3), write, for any 7" > 0,

[ Te(a)] [Te(a)]
2,77 lOg Z eSk aujk Nha1 = Z,yj 10g Z eSk aujk Nt
I_Tz:a
n Z v, log Z eSr—auiky, 1<Z'yj log(|Te(a)]+1)+  max  (Sk—au;k+Ceyi1))

<k<
R 0<k<|Tc(a)]

! J ;—&-1 K 0<kr<nlaTX (a)] (S - aujh + Get),

where (; = logn; for j € IN, and analogously

n [Te(a)]

1 Sk—aujk > S, — k
;% * kzo ’ e Z% o< D Fe ey (5 T AU ¥ Gh)

¥ jiZHw (los((Te(a)] + 1)+ _ max Sk — aujk+ Gupn)).
=

With these at hand, (3.3) follows from

(m(a)  sup (S —auk + Cep1))uso ~ (Xi(u, T))us0, @ — 0+, [=1,2,3, (3.4)
0<k<|Tc(a)]

(see (2.11), (2.14) and (2.16)) and the fact that lim,_,o4 m(a)logc(a) = 0. In the setting of
Theorem 1.2 the latter is justified by the regular variation of ¢ at 0+ of index —3/(8 — 1);
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see Remark 1.5. This particularly implies that the function a — m(a) = (ac(a))™! is
regularly varying at 0+ of positive index (3 — 1)~ 1.

Plainly, limr o0 35—, 73 Xi(u;, T) = >0, 7; Xi(u;, 00) a.s. Hence, according to The-
orem 4.2 on p. 25 in [2] the proof of (3.1) is complete if we can show that, for all
>0,

n [ Te(a)]
Tli_r}nOo limsupaﬁOJrIP{m(a)‘ Zlfyj(log Y (au;) — log I;J eSk—aujknkH)‘ > 5} =0.
= =

By the triangle inequality, it is enough to prove that, with « > 0 fixed,

[Te(a)]
Tlglclx) limsupa_>o+IP{m(a)(log Y (au) — log ];) es’“*‘“‘knkﬂ) > 5} = 0.

The latter probability is upper bounded as follows:

[Te(a)] [Tc(a)]
< ]P{m(a)(log+ Y (au) — log Z eS’FMkUkH) > ¢, log Z e iy < 0}
k=0 k=0
[Tc(a)] [Tc(a))
+ P{m(a)(log+ Y (au) — log Z es’“*““knkH) > ¢, log Z eSkmatky o> O}
k=0 k=0

[Tc(a))
< IP{m(a) log Z eS’“‘*a“knkH < O}
k=0
[Tc(a)]
+ ]P{m(a)(log+ Y (au) —log*t Z esk_““knkH) > 5}.
k=0

The first probability on the right-hand side converges to 0 as a — 0+. This is secured
by (3.3) with n = 1 and 7; = 1, and the fact that the right-hand sides in (3.3) are a.s.
positive. The latter follows from (1.18) and Proposition 2.1. To proceed, we need two
inequalities:

logt(x +y) <log™(x) 4+ log™ (y) +2log2, x,y>0 (3.5)

and
logt(zy) <logtx+1logty, z,y>0. (3.6)

Inequality (3.5) follows from
log™ (z) <log(1+ ) <log™(z) +1log2, 2>0
and the subadditivity of 2 — log(1 + ), namely,

log"(z+y) < log(l+z+y) <log(l+z)+log(l+y)
< log"(x) 4+ log™ (y) +2log2, x,y>0.
Inequality (3.6) is a consequence of the subadditivity of z — z+.
In view of (3.5), it remains to prove that
Tli_r)r;olimsupaﬁoﬂP{m(a) log™ Z eSkmavkp > 6} =0. (3.7)
k>|Tec(a)]
To this end, write, with the help of (3.6),

log™t Z eSkaukp, < ( sup  (Sk —auk/2 + Cpp1))T + logt Z o auk/2.
k>|Tc(a)] k>|Tc(a)] oo (T
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While lim,_,o4 log™ ZbLTc(a)J e~ uk/2 — (), formulae (2.12), (2.15) and (2.17) entail

m(a)( sup (Sp — auk/2 + Cry1))" 4, (Xf(u/2,TNH", a— 0+, 1=1,23.
k>|Tc(a)]

Finally, by Lemma 2.3, limy_,o (X (u/2,T))" =0 a.s., and (3.7) follows.
The proof of Theorems 1.2, 1.4 and 1.7 is complete.

4 Proof of Theorem 1.8 and Corollary 1.9

The following deterministic result is a consequence of Corollary 4.12.5 in [3].

Proposition 4.1. Let A € (0,00) and p be a locally finite measure on [0,00). Assume
that the function  is regularly varying at co of index a > 1 and put ¥(t) := ¢(t)/t for

large t. Then

lim supmﬁww — A 4.1)

if, and only if,

log f[o,oo) e /YNy (dx) A)a/((x—l)

lim sup, _, o, 3 =(a— 1)<E

(4.2)

Proof. Assume that (4.1) holds. Then, according to the first implication in Corollary
4.12.51in [3],

log e /PN p(d) Ay o/(a—1)
Jo.co T

limsupy_, o \ — (4.3)

(0%

Suppose that the above inequality is strict, that is, for some ¢ > 0 and A(e) < A4,

log e /YN y(dx) A~ a/(a—1) A o/ (a—1)
limsup,_, f[O,oo) =(a—1 ( ) —E:(a—l)(ﬂ) .

A « «

Then the second implication in the aforementioned Corollary 4.12.5 yields

log p([0, 2@ _ 4 () < 4,

limsup,,_, ., <
x

which is a contradiction. Thus, the inequality in (4.3) can be replaced by the equality.
The inverse implication follows analogously. O

The following result is needed for the proof of Theorem 1.8(a) and also of independent
interest.

Theorem 4.2. Suppose that (1.3) and (1.13) hold. Then

maxo<p< (¢ (Sk +10gMei1) _o1/2

limsup;_, o (tlog log )12 o a.s. (4.4)
and
: log thctio ey 1/2
lim sup,_, @ log_logt)1/2 =2"/%0 as. (4.5)

Proof. In view of

Lt)

1 <1 Sk <1 1 1 S.
Ogn%z%)f” (Sk + log ny1) < og;oe Me1 < log([t] +1) + Ogn%%)f” (Sk +lognme+1) a.s.,
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it suffices to prove (4.4). Furthermore, when doing so we can and do replace |t] with
integer n.

Note that

maxo<k<n Sk

limsup,,_, .. =225 as.; (4.6)

(nloglogn)t/2
see, for instance, p. 439 in [4]. Recall the notation ( = logn and (, = logn; for k£ € IN.
The assumption (1.13) in combination with the Borel-Cantelli lemma entails

—1/204 _
, =0 as.

lim (nloglogn)
n—oo

and thereupon lim,, o (nloglogn)~'/2 maxi<r<n41 ¢ = 0 a.s. Using the latter, (4.6)
and

max (S + < max Sp+ max ¢ a.s.
OSkSn( ¥ Ckﬂ)*ogkgn T kgt K
we infer

maxo<k<n (Sk + Crt1)

<225 as.
(nloglogn)t/2 - 7 as

limsup,,

Fix any ¢ € (0,1), put x,,(6) := (1 — §)2'/20(nloglogn)'/? for n > 3 and define the
event
= = > 3.
Ap = A, (5) {Orgnkagn (Sk + Ckt1) >z (0)}, n>3

Our purpose is to show that
P{A, io}=1

Here, as usual, ‘i.0.” is a shorthand for ‘infinitely often’ and {A4,, i.0.} = Ny>3 Ug>n As.
Pick any v € R satisfying P{¢ > v} > 0. For n > 3, put 7, := inf{k < n: Sy > 2,(0) — v}
on the event {maxo<x<n S > z,(6) — v} and 7,, := +o00 on the complementary event.
Now define the events

B, = B,(d) := {02152( S > xp(0) —v} and C, =Cn(d) :={C¢r,41>7}, n>3.
Observe that, for each n > 3, B,, N C,, C A,,, whence

{ 3 1p.nc, = oo} = {B,NC, i0.}C{A, io.l.

n>3
For n > 3, denote by F,, the o-algebra generated by ((&x, (x))1<k<n. In view of
Crat1 Lir<ny = Q1 Lan(5)<yy T Z Crt1 Lmaxoe;<imy S;<zn (6)—7, Sk >zn(8)—7}
k=1

we conclude that B, N C,, € F,,+1. Hence, by the conditional Borel-Cantelli lemma; see,
for instance, Theorem 5.3.2 on p. 240 in [10],

JP{ 3 1s,nc, = oo} - JP{ S P{B,NCulFu} = oo}.
n>3 n>3

Since

> P{B,NCo|Fn} =P{(>7}) 15,

n>3 n>3
and (4.6) secures P{}>_ -;1p, = oo} = 1, we infer P{B, NC, io.} =1=P{4, io}.
The proof of Theorem 4.2 is complete. O
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Remark 4.3. If (1.3) holds and (1.13) does not hold, then both (4.4) and (4.5) fail to hold.
As a consequence, so does (1.14) as follows from Proposition 4.1. By the Borel-Cantelli
lemma, if the expectation on the left-hand side of (1.13) is infinite, then

maxj<k<n+1 C]j
(nloglogn)?

maxi<k<n+1 Ck

(nloglogn)? = too as

limsup,,_, = limsup,,_,

Using this, relation (4.6), applied to (—Sj) instead of Sj, and

max (S + >  max — max (=5, a.s.
OSkSn( b Ga) = 1<k<nt1 Gk OSkSn( k)

we infer
maxo<k<n (Sk + Crt1)
(nloglogn)?

limsup,, =400 a.s.

Proof of Theorem 1.8. Both parts of the theorem will be proved by an application of
Proposition 4.1. In addition, we find it instructive to give an alternative, more proba-
bilistic proof of the relation limsup,_,, + < 1 a.s. in part (b) which takes advantage of
formula (1.16).

(b) In the setting of Proposition 4.1, let u be a random measure defined by

t
([0, £]) := / ePWds, >0,
0

and put ¢ (z) := z/loglog z for x > xo, where xy > e is chosen to ensure that ¢, hence
x — 22 /loglog z, are strictly increasing and continuous on (zg, o). We intend to show
that

log [y e2()ds 12

limsup, , o775 =2

.S. 4.7
(tloglogt)'/2 a-s @.7)

On the one hand, log fg eB)ds <logt + maxse[y, B(s) a.s. On the other hand, let 7, €
[0, t] denote any (random) point satisfying B(7;) = maxc[o, B(s) a.s. Then, given £ > 0
there exists a random ¢ € (0, 1) such that B(u) > max,¢[o,4) B(s) — ¢ whenever u € (1; —
8,7 +6) N (0,00). This yields log fg eBWdy > log fﬁM eBdu > maxge(g, 4 B(s) —

max(7;—4d,0)
€ +logd a.s. Now relation (4.7) follows from the two inequalities and

maXsgejo, ¢] B<5) _9l1/2

(tloglogt)l/2 a8

lim sup;_,

For the latter see, for instance, p. 439 in [4].

Formula (4.7) entails an a.s. version of (4.1), with the present choice of p, ¢ = f,
A =22 and a = 2. By Proposition 4.1, (4.2) holds with the right-hand side being equal
to 1/2. Hence,

. log f[o,oo) e~ % (dx)
limsup, o e (1/a)

=271 as.,

where ¢ the generalized inverse function of v satisfies ¥ (t) ~ tloglogt as t — oo.
This proves (1.15).
Here is the promised probabilistic proof. Fix any » > 1. In view of (1.16), a distribution
[e'e) —(n+1 .
density of r="(log [~ eB()~ " sds — log 2) is
,rne—QT*l;E exp(_e—r"w)

Ty o P

X —
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Hence, forall e > 0,

(o)
IP{T_”(log/ oBls)—r= s o log 2) > 27'r(1 +¢)loglog r”}
0

rn oo —2r~1g e
S e exp(—e )da
[(2r—(n+1) /2—1T(1+s) log(nlogr)

< L /OO 6727‘ lmdx
N F(QT_(TH_U) 2= 1r(14¢) log(nlogr)

1 1
2T7(n+1)1“(27a7(n+1))e(1+6) log(nlogr) nlte

as n — oo having utilized lim,_,o4 2I'(x) = 1. Thus, by the Borel-Cantelli lemma,

2log fooo eBe)=r™ " s

r”loglog r™

lim sup,, _, <r a.s.

For each a € (0, 1] there exists n € INg such that a € [r~(**1) +="] and, by monotonicity,
for such a,

oo s)—as oo s)—r—(ntDg
2alog [;° eBl#)asds - 2log [ eB® ds s
loglog(1/a) - r™log(nlogr) U
. 2alog [° eBle)—asgg . .
whence limsup,_,q, Tog Tog(1/a) < 1a.s. because r > 1 is arbitrary.

(a) Let i be a random measure defined by

L)
p([0,4) ==Y eFmpy, t>0
k=0

and take the same ¢ and ¢ as in the proof of part (a), so that &« = 2. By Theorem 4.2,
relation (4.5) holds. With this at hand, the rest of the proof mimics that of part (b).
Note that there is the additional factor ¢ which was absent in the proof of part (a). In
particular, A = 2!/2¢ rather than 2'/2. 0

Proof of Corollary 1.9. Under the assumptions of Theorem 1.8(a), invoking (1.6) yields

logY
alog¥(a) ®
loglog1/a

This in combination with the inequality logY (a) > 0 a.s. for small ¢ > 0, which is a
consequence of lim,_,o4 Y (a) = 400 a.s., yields

logY
lim inf alog¥ (a)

—— = =0 a.s.
a—0+ loglog(1/a) a-s

In the setting of Theorem 1.8(b), relation (1.17) entails

alog [;° eB(9)—asqs

lim inf =0 a.s.
a0t loglog1/a
Both claims follow from the last two limit relations and Theorem 1.8 with the help of the
intermediate value theorem for continuous functions. O
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