DOI 10.1007/s11253-017-1291-0

Ukrainian Mathematical Journal, Vol.68, No.8, January, 2017 (Ukrainian Original Vol. 68, No. 8, August, 2016)

ASYMPTOTICS OF NORMALIZED CONTROL WITH MARKOV SWITCHINGS
A.V.Nikitin' and U.T.Khimka’ UDC 519221

We study the process of transfer of Markov perturbations and control over this process under the condi-
tion of existence of the equilibrium point of the quality criterion. For this control, we construct a nor-
malized process and establish its asymptotic normality in the form of Ornstein—Uhlenbeck process in the
case where the transfer process varies under the influence of Markov switchings along a new trajectory
of evolution from the state in which it was at the time of switching.

Introduction

For the transfer processes described by the stochastic differential equation [1] with diffusion control pro-
cess, the conditions of existence of this control were obtained in [2]. A special case of existence of an equilibri-
um point of the quality criterion is realized in numerous applied problems [3, 4]. A procedure of stochastic ap-
proximation for this control specifying the conditions of convergence to the equilibrium point of the quality cri-
terion can also be considered for this control [3]. In this case, an independent problem is connected with the de-
termination of the law of distribution of the limiting normalized control process under the conditions of conver-
gence of the constructed procedure [4, 5]. Thus, new results of application of a small parameter and the solution
of the problem of singular perturbation [6] enable one to establish the asymptotic normality of the procedure of
stochastic approximation with Markov perturbations [7] and semi-Markov switchings [8] for the corresponding
normalization both in time and in a small parameter € > 0.

In the present paper, we consider a transfer process with Markov perturbations and control over the condi-
tions of existence of an equilibrium point of the quality criterion with Markov switchings [6]. For this control,
we construct a normalized process and establish its asymptotic normality in the form of an Ornstein—Uhlenbeck
process.

We consider the case where the transfer process, i.e., a random evolution, varies under the influence of
Markov switchings along the trajectory of new evolution from the state in which it was at the time of switching
(regarded as the initial state) [6].

Statement of the Problem

Assume that the transfer process y*(¢) € RY is determined by the following stochastic differential equa-

tion:

dy(t) = a(yg(z),x(giz))dt +o ( ys(t),x(%),ug(t))dw(t), (1)

€
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where x(t), t>0, is a uniformly ergodic Markov process in a measurable phase space of states (X,X)
specified by the generator [6]

Q0(x) = q(x) [ P(x.dy)g(y) - ¢(x)]
X
in a Banach space B(X) of real-valued bounded functions @(x) with supremum-norm
o]l = sup|e(x)|.
xeX
The generator @ is reducibly invertible on B(X) with the projector

Te(x) := [ n(dx)@(x),
X
where T(B), B e X, is astationary distribution of the Markov process x(t), ¢ =0, given by the formula
n(dx)g(x) = gp(dv), ¢ = [ M(dx)q(x)

X

(p(dx) is a stationary distribution of the embedded Markov chain x,, n=0) and by the potential Ry with
the following operator representation:

Ry = TT-[Q+11T".

The functions

a(y,x)=(ayp(y,x),k=1,d) and o(y,x,u)=(C(y,x,u),k=1,d), yeRd, xeX,

satisfy the conditions of existence of a global solution of the evolutionary equations
dy(t) = a(y, (1), x)dt + G (y, (1), X, u (t)dw(r), xeX,

for every fixed value of x of the Markov process x(¢), t =0, on the segment [T;,T;;;] of stay of the pro-
cess x(t), t =0, inthestate xe X .
Assume that the control u(¢) in the general representation (1) is specified by the condition

t
du®(r) = (x(t)G(ye(t),x(—zj,ue(t))dt, (2)
€
where the conditions imposed on the function o(¢) take the form

Jayd =« and  [o’(t)dr < . 3)
0 0
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In particular, conditions (3) are satisfied for
o
our) = —
t

(this is considered in what follows).
Note [3, 7, 8] that conditions (3) guarantee convergence of the control u®(¢) to the equilibrium point of the

quality criterion, i.e., to the point u* determined from the condition

G(y,u™) = 0,

GO,u) = Jn(dx)G(y,x,u).

X
The normalized control has the form
Jt
ve(r) = —u®(1) (4)
€
and the balance condition takes the form
MG(y.x,0) = [ Md0)G(y.x,0) = 0. (5)
X

Theorem 1. Under the conditions of convergence (3) for problem (1), (2) and the additional conditions

(D) (A)'%(y) = 2JX (dx) G(y,x,0)RyG(y,x,0) >0,

1
(Dy)  og(y)<- 50 &= JX n(dx) Gy (y,x,0),

the weak convergence

vE(t) = (1), e—0,

is realized in every finite interval (0 <ty <t<T).
The limiting process {(t), t >0, is the Ornstein-Uhlenbeck process specified by the generator

1 ’ 1 ja 144
L,o(y,v) = v ( og(y)+ > ) oy (y,v)+ 5 0’67 () P (V).

We now establish several auxiliary properties of the transfer process y®(z) and the normalized con-

trol v&(z).
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Lemma 1. The processes y(t) and vE(t) are solutions of the stochastic differential equations

dy®(t) = a(y*(t),x;)dt +© ( ye(t),xf,% vg(t))dw(t),

N ) e e € ¢ m
dve(t) = ¢ \/;G(y (t),x,,\/;v (t)jdt+ 2 dt,

where

t

€

X; :=x(—j.
2

Proof. By using relation (4), we get

WE() = = vE(r).

7

Thus, in view of (2), we obtain (5) and (6).
Lemma 2. The generator of a three-component Markov process
t
yi=y5 ), xf = x(—zj, uf =ut(t), t2ty>0,
€

has the form

LE()O(y, x,v) = £7200(y, x,v) + VE(X)0(y, x,v),

where

VEX) @y, x,v) = [8" %G(y,x,%V)+%}p;(y,x,v)

’ 1 ” 2 8
+ 9Ny ) +—= X,V (¢ Xy V |
0y (y,x,v)a(y,x) > Py (¥, x,v) (y N J

Proof. To construct the generator of process (8), we determine the conditional expectation

E z 5 ; ’vg - » X,V
|:(p(yt+A Xr+A>Viea) — OOy )yg(t)=y,xf:x, vE(t)=v

=Ey .y [(P(y+ AY® Xfin, v+ AVE) - (P(y,X,V)]

1255

(6)

(7

®)

€)
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= Ey’x’v [(p(y + Ays,x,v + Av®) — (p(y,x,v)][(e > E_ZA)

+Ey [(p(y+ AYE, XE A, v+ AVE) — (p(y,x,v)][(e < E_ZA) ,

where 0O is the time of stay of the Markov process x(¢), ¢ >0, in the state x.

Further, we take into account the representations
102e72A) = 1—e2g(x)A+ 0(A),

10 <e?A) = e 2g(x)A+0(A).

It follows from Eq. (6) that
t+A

Yia = ¥+ & = y+ [ a(y(9),x5)ds
t

t+A t+A
€ €
€ e _© e d - € e _© ¢ d
+ Jc(y (9,25, (s)j w(s) = 3+ j c(y ()35 = <s>) w(s),

t

where

t+A

¥ =y+ [ a(¥().x8)ds.
t

Consider

t+A
o(y+ Ay, x,v+AV®) = (p(y+ '[ 0'(ye(s),xf,%vg(s))dw(s),x,v+Avs)
s
t

t+A

= (p(y,x,v+Av£)+(p'y(y,x,v+Av8)_! G(yg(s),xf,%ve(s))dw(s)

t+A

2
+ %(p'y’y(i,x,v+Av£){ I G(yg(s),xse,%ve(s))dw(s)] +0(A).

t

By virtue of (7), we find

t

(10)
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and

O, x,v+ &) = @y, x, v+ AF)
+ (p'y(y,x,v+Ave)a(y,x)A+o(A)

(P(Y’X’V)HP'V(y,x,V)[e_' %G(y,x,v)+ﬂA

+ Q3 (v, x,v)a(y,x)A+0(A) .
Similarly, we get

0, (7,x,v+ AF) = @5 (v, x,v)

” - a v
+ (pyv(y,x,v)[s ! ﬁG(y,x,v)+;}A

+ 0y (y, x,v)a(y, x)A + o(A)

and
O (T2, v+ &) = 97 (y,x,v)
+ (P'y;v(y,x,v)[e_l %G(y,x,%u)+;}A
+ Oy (v x.Va(y. DA+ 0(A).
This yields

o(y+ Aye,x, v+ AVE) = oy, x,v)

+ <P'v(y,x,V)[8_l%G(y,x,%VJ+%}A + @y (y,x,v)a(y, x)A

+ [‘P'y(%x,VH<P'y'v(y,x,v)[£‘l %G(y,x,%v)+;}A

t+A e
| c(y%s),xf,ﬁv%s))dw(s)

t

+ (p;,y(y’x’ V)a(y,x)A}
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+l 07, x,v)+ 07, ( xv)[s_lgG( xiv)+L}A
2 yy y7 £ yyv y7 s \/; y7 a\/; 2t

t+A

2
:FIV ' ( e S£ € € j
C(A)'

This enables us to deduce the following relation for the first term in (10):

Ey 2y [0(y + Ay, x,v+ AVE) = 0y, x, 1)1 — £ 2g(x)A + 0(A)

= (p'v(y,x,v)[e_1 %G(y,x,%v)+;}A
+ @3 (y,x,v)a(y, x)A + % ¢} (v, x,v)0° ( y,x,% v ) A+0(A).
Similarly, we obtain the following relation for the second term in (10):
Eyw[ @3+ A xfa,v+0F )= 00,2, | €2q(0A+ 0(a) |
= €290y, [ 00,0,V = 9, x1) |+ 0(A).
Thus, according to the definition, for the generator of process (8), we get

o1
L?(x)(p(y,x,v) = AIS})ZEWC’V [(p(y+Ay£,xf+A,v+Av£)—(p(y,x,v)}

= 72000y, x,v) +VE(X)Q(, x,v) ,

where

: ! SR SR P
Vt(x)(P(y,x»V)—(Pv(y’x,V){S \/;G(y,X,\/;V)+2t}

’ 1 ” 2 €
+ s Ay s +—= ,X,V)0 s AT .
0y (v, x,v)aly, x) + = @y (y,x,v) (y T VJ
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Lemma 3. On the test functions @(y,x,v) € C3’O’3(R,X,R), the generator LS(x) admits the following

asymptotic representation:

€ - 4 1
Lt(x)(P(y’x,V)ze ZQ(P()’»LV)“‘E 1$G0()’ax)(P()”x’V)

1
+ ;V(yax)(P(y’x,V)"'A(y,x)(P(%x’V)"'O(E)a (11)

where

Gy (y, x)9(y, x,v) = aG(y,x,0)95,(y,x,v),

’ 1 ’
V(y,0)0(y,x,v) =v ( oGy (y,x,0)+ ) ) 0y (y,x,v),

7 1 ”
Ay, x)o(y,x,v) = a(y,X)tpy(y,x,VHEGZ(y,x,O)%y(y,LV)-
Proof. By using the decompositions
G( X ivj = G(y,x,0)+ G4(7,%,0) = v+ 0(€)
y’ ’\/; y’ £ % y’ £ \/; £

o’ (y,x,%vJ = Gz(y,x,0)+0(£),

we derive relation (11) from (9).
Consider a perturbed test function

1 1
QF (3, x,v) = @(y,v)+¢ 70+ &=y, x,v).
t t
Lemma 4. The solution of the problem of singular perturbations for the truncated generator

. . 1
Lto(x)(P()”x’V):'g ZQ(p(y’x7v)+8 leO(y»x)(P(y’x’V)

1
+ ;V(yax)(P(yax’V)"'A(y’x)(P(%x’V) (12)
on the test functions (pf(y,x,v) with @(y,x) € C3’3(R X R) has the form

€ € 1 €
L, (00; (v, x,v) = ~ Lo(y, v) + €0, (1)p(y, V), (13)
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where the limit operator L is given by the formula

1 1
Lo(y,v)=v ( og(y)+ > ) oy (y,v)+ 5 oo (NP% (7, V)

A , r A ”
+ 1P+ ST, v), (14)

a(y) = [ mdva(y,x), 630 = [ m(d0)o’(y,x,0).
X X

Proof. According to the scheme of solution of the problem of singular perturbations [6], we compute the

value of generator (12) on the perturbed function @f(y,x,v) as follows:

1

_ 4 1
L ()97 (0:%,1) = €709 +&7 1001y, x,v)

1 1
+ GO(yex)(P(y,V)]"‘;Q(Pz(y,x,")"';Go(y,x)(Pl(y,x,V)

1 e
+ ; (V(y’ X) + fA()”x))(P(y’ V) + eet (x)(P(y’ V) P
where

1 1
ef(x)(P(y,V) = A(y,x)(pl(y,x,v)+ ﬁﬁGo(y,x)(Pz()’ax’V)'*‘ Et—zV(y,x)(Pz()”xyv)

+ €A(y,x) @2(y,x,v).
Since Q@(y,v) =0, the function @(y,x,v) satisfies the equation
001(y,x,v)+Go(y, )p(y,v) = 0.
By using the balance condition [5], we obtain a solution of this equation in the form
01y, x,v) = RoGo(y,)0(y,v) = 0RyG(y,x,0)9,(y,v).
We now consider the equation for the function @,(y,x,v), namely,

Q(P2(y’v,x)+ Go(y,x)(Pl(y,V’x)+ (V(y,v)"‘tA(y’V))(P = L(P(yaV)7 (15)
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where the limit operator L is determined from the condition of solvability of Eq. (14)
L = I1Gy(y, x)RoGo (y,x) + IV (y, x) + TIA(y, x) . (16)

Computing the right-hand side of (16), we obtain (14).
Equation (15) admits the representation

00, + L(y, x)o(y,x) = Lo(y,x),
where

L(y,x) = Go(y, x)RoGo(y,x) + (V' (y,x) + 1Ay, x)).
By using the last representation and relation (14), we get

©2(3,x,v) = RoL(y,x)o(y,v),

where L(y,x)= L(y,x)— L [8].

Proof of the Theorem. In view of the smoothness of the components of system (1), (2) and representations
of the functions ¢@; and @, , we conclude that the remainder is bounded, i.e.,

0f(x)e(y,v)| < M, M>0. (17)

The convergence of the processes y®(r) and v®(¢) to the processes &(f) and ((t) follows from (13)
and (17) according to the Korolyuk model theorem [6]. Here, the generator of the process &(z) has the form

A ’ [N ”
LN@w)=mwwﬂ%W+§Gﬂw%uxw.

The generator of the limit process {(z) has the form (14) and is the generator of the Ornstein—Uhlenbeck

process.
CONCLUSIONS

We consider the case where the transfer process regarded as a random evolution varies under the influence
of Markov switchings along a trajectory of new evolution together with the control. Under the assumption of
existence of an equilibrium point of control in the ergodic Markov medium, we construct a procedure of stochas-
tic approximation for this control. For the normalized control, we deduce conditions of asymptotic normality in
the form of Ornstein—Uhlenbeck process and establish the generator of the limiting control process.

The obtained result enables one to seek the optimal solution of the problem of control over the diffusion
process of transfer with Markov switchings.
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